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Abstract—Urban electricity and heat networks (UEHN) consist
of the coupling and interactions between electric power systems
and district heating systems, in which the geographical and
functional features of integrated energy systems are demon-
strated. UEHN have been expected to provide an effective
way to accommodate the intermittent and unpredictable re-
newable energy sources, in which the application of stochastic
optimization approaches to UEHN analysis is highly desired.
In this paper, we propose a chance-constrained coordinated
optimization approach for UEHN considering the uncertainties
in electricity loads, heat loads, and photovoltaic outputs, as
well as the correlations between these uncertain sources. A
solution strategy, which combines the Latin Hypercube Sampling
Monte Carlo Simulation (LHSMCS) approach and a heuristic
algorithm, is specifically designed to deal with the proposed
chance-constrained coordinated optimization. Finally, test results
on an UEHN comprised of a modified IEEE 33-bus system and
a 32-node district heating system at Barry Island have verified
the feasibility and effectiveness of the proposed framework.

Index Terms—Chance-constrained optimal power flow
(CCOPF), correlated uncertainties, combined Latin Hypercube
Sampling Monte Carlo Simulation (LHSMCS) approach and
heuristic algorithm, urban electricity and heat networks (UEHN).

I. INTRODUCTION

AN integrated energy system (IES), which would hope-
fully break through the traditional independent planning

and operations between different energy system sectors, is of
great significance in improving energy efficiency, promoting
large-scale development of renewable energy sources, and
the realization of energy-conservation and emission-reduction
targets. IES has become an important strategic research direc-
tion in the international energy arena [1]–[3]. Typically, IES
encompasses various energy systems including electricity, gas,
heating, cooling, hydrogen supply and electrified transporta-
tion systems, and the related communications and information
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infrastructures [4]. With the widespread application of heating
networks, the increasing penetration of combined heat and
power (CHP) units and promising usage of power to heat
(P2H) technology, the coupling and interactions between an
electric power system (EPS) and district heating system (DHS)
are becoming stronger and also accelerating in development.
As a result, a regional IES represented by urban electricity
and heat networks (UEHN) has developed rapidly in recent
years. For example, studies on UEHN steady-state model,
multi-energy flow calculation, and state estimation have been
conducted in [5]–[10].

In the area of coordinated optimization for UEHN, consider-
able studies have been performed. Reference [11] proposed the
dispatch model for heat and power production that uses electric
boilers and heat storage tanks to enhance the flexibility of CHP
units. A combined heat and power dispatch (CHPD) model,
considering the heat storage characteristics of the pipeline
of the heating network, was employed in [12]. The optimal
operation of the integrated electrical and heating system in
urban areas was established in [13], which indicates that the
coordinated optimization of an electricity and heat network can
effectively reduce the wind curtailment, fuel oil consumption,
and heat losses. However, the above-mentioned studies [11]–
[13] are confined to deterministic models without taking the
impact of uncertainties into consideration.

Given the further expansion of installed capacity of re-
newable energy sources such as photovoltaic (PV), the fluc-
tuant and intermittent nature of renewable generations pose
great challenges to conventional deterministic optimizations.
As such, employment of stochastic optimization approaches
considering the influence of uncertainties is highly desired.
Reference [14] proposed a scenario-based method consid-
ering the uncertainties of wind power outputs in a CHPD
model but the constraints of the electricity and heat networks
were ignored. A robust CHPD model was established and a
decentralized solution based on Benders decomposition was
proposed in [15], wherein only the uncertainties of wind power
outputs were considered. In [16], uncertainties of both PV
outputs and electricity loads were described by intervals, and
an interval linear programming model was proposed to provide
day-ahead optimal dispatch strategy for multiple integrated
community energy systems. However, this model did not take
the correlations of uncertain sources into account.

Introduced by Charnes and Cooper in 1959 [17], chance-
constrained programming has become a competitive method
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for solving optimization problems under uncertainties.
Chance-constrained optimal power flow (CCOPF) requires
that the inequality constraints can be satisfied at a certain
confidence level. More specifically, violation of inequality
constraints is allowed under some extreme scenarios. Conse-
quently, additional economic benefits can be gained because
the control actions for the extreme scenarios that rarely happen
can be avoided. By using CCOPF, the optimality and reliability
of system operations can be quantitatively balanced [18].
CCOPF has been widely used in EPS expansion planning,
economic dispatch and unit commitment [19]. However, ap-
plications of CCOPF within UEHN are rather limited.

A combined MCS/analytical probabilistic power flow anal-
ysis method was proposed and a genetic algorithm was em-
ployed to accelerate the CCOPF process for EPS in [20].
However, the required computational burden may be huge.
The heuristic algorithm based on cumulant methods has been
employed for the CCOPF in EPS, in which the cross-cumulant
approach is employed to address the correlated uncertainties
and the calculation may be complicated [21].

In this paper, we develop a CCOPF formulation for UEHN,
considering uncertain electricity and heat loads and PV out-
puts. The correlations between these uncertain sources are
also included. Furthermore, a solution strategy, which com-
bines the Latin Hypercube Sampling Monte Carlo simulation
(LHSMCS) approach and a heuristic algorithm, is specially
designed. More specifically, an optimal scheduling strategy
that corresponds to the deterministic case is first obtained.
Then, the LHSMCS approach and Cornish-Fisher series ap-
proximation are employed to perform probabilistic power and
heat flow analysis, which provides the distributions of UEHN
state variables and the constraint violation probabilities. After
that, the corresponding upper and lower bounds are adjusted
according to a heuristic algorithm if the violation probabil-
ities exceed the allowed confidence level. The iteration is
terminated until the obtained deterministic optimal scheduling
strategy satisfies all chance constraints. Finally, the proposed
chance-constrained framework is verified by UEHN comprised
of a modified IEEE 33-bus system and a 32-node DHS at Barry
Island.

The remainder of this paper is organized as follows. Sec-
tion II elaborates on the CCOPF formulation for UEHN.
The solution strategy to CCOPF is described in Section III.
Section IV illustrates the performance of the proposed chance-
constrained framework. The paper is concluded in Section V.

II. CCOPF FORMULATION FOR UEHN

In this section, an UEHN model with nonlinear power
and heat flow equations is introduced. Then, the CCOPF
formulation for UEHN is developed to address uncertain PV
outputs and loads.

A. UEHN Model

UEHN consist of EPS and DHS via CHP units, which
generate electricity and heat simultaneously. CHP units, acting
as linkages between EPS and DHS, allow the energy flows
between the two networks.

1) Power Flow Formulation of EPS: Alternating current
(AC) nodal power flow balance models are as follows:

PG,i−PL,i = Vi
∑
j∈i

Vj (Gij cos θij+Bij sin θij), ∀i, j ∈ ΩP

(1)

QG,i−QL,i = Vi
∑
j∈i

Vj (Gij sin θij−Bij cos θij), ∀i, j ∈ ΩP

(2)

where PG,i and QG,i refer to the active and reactive power
generation of bus i, while PL,i and QL,i indicate the active
and reactive power loads at the bus respectively. Vi indicates
the voltage magnitude of bus i and Vj indicates that of bus j.
θij is the voltage phase angle difference between bus i and bus
j. Gij and Bij are the equivalent conductance and admittance
of the branch respectively while ΩP is the index set of buses
in the EPS.

2) Heat Flow Formulation of DHS: DHS, which is primarily
composed of heat sources, district heating networks and heat
consumers, undertakes the role of heat production, transmis-
sion and exchange. District heating networks usually consist
of supply pipelines and return pipelines. Heat is transferred
from heat sources to terminal heat consumers by hot water
or hot water vapor in pipelines (currently, hot water is most
commonly used in China).

The pipe mass flow rate within each pipeline of district
heating networks is determined by the hydraulic model. The
hydraulic model can be expressed by the continuity of flow
equation, loop pressure equation, and head loss equation,
namely:

AHm = mq (3)

BHhf = 0 (4)

hf = Km |m| (5)

where AH represents the node-branch network incidence ma-
trix; m indicates the pipe mass flow rate; mq is the mass flow
rate injected from a source or discharged to a load; BH refers
to the loop-branch network incidence matrix; hf is the head
loss caused by friction; K expresses the resistance coefficients
of each pipe, which, to a large extent, depends on the diameter
of the pipeline. The details are described in [6], [7].

The node temperature of district heating networks is ob-
tained by the thermal model which primarily involves the
following three types of temperatures. The supply temperature
Ts indicates the temperature of the flow before being injected
into the node. The outlet temperature T0 is defined as the
temperature of the flow at the outlet of each node before
mixing in the return pipelines. While the return temperature Tr

expresses the temperature of the flow after flowing out of the
node and mixing with that of other pipelines into the return
pipelines. The thermal model can be expressed by a nodal heat
energy equation, pipeline temperature drop equation and nodal
mixture temperature equation, namely:

H = Cpmq (Ts − T0) (6)

Tend = (Tstart − Ta) e
− λL
Cpm + Ta (7)
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(∑
mout

)
Tout =

∑
(minTin) (8)

where, H indicates the heat energy consumed or supplied
at each node; Cp is the specified heat capacity of water;
Tstart and Tend indicates the temperature at the start and
the end of a pipeline respectively; Ta refers to the ambient
temperature; λ is the overall heat transfer coefficient of each
pipeline per unit length and L is the length of the pipeline.
mout and min indicate the mass flow rate within a pipeline
leaving and coming into a node respectively. Tin represents
the temperatures of flow at the end of an incoming pipeline
and Tout is the mixture temperature of the node.

3) CHP Units: CHP units deliver electricity to the EPS,
as well as heat to the DHS. Typically, in CHP units, heat
that is normally wasted in conventional power generation is
recovered as useful energy for heating, which avoids the losses
that would otherwise be incurred from separate generation of
heat and power. According to the different steam utilization
methods, CHP units can be classified into back-pressure CHP
units and extraction-condensing CHP units [11], [17]. There
is a feasible region for electric power and heat outputs of a
CHP unit, as shown in Fig. 1.
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Fig. 1. Feasible region of combined heat and power (CHP) units.

The electric power and heat outputs of both types of CHP
units can be formulated uniformly by the coordinates of the
extreme points, namely:

PCHP,i =
∑

k∈ΩCHP,i

ηi,kPCHP,i,k (9)

HCHP,i =
∑

k∈ΩCHP,i

ηi,kHCHP,i,k (10)

0 ≤ ηi,k ≤ 1
∑

k∈ΩCHP,i

ηi,k = 1, ∀i ∈ ΩCHP (11)

where PCHP,i and HCHP,i are the electric power and heat
outputs of the CHP unit; PCHP,i,k and HCHP,i,k are the
corresponding electric power and heat outputs at the extreme
point k of the CHP unit i; ηi,k is the coefficient of the CHP unit
i at the extreme point k; ΩCHP,i is the index set of extreme
points of the CHP unit i and ΩCHP is the index set of the
CHP units.

B. Uncertainties of PV Outputs and Loads

This paper focuses on the uncertainties of sources (such as
PV outputs, electricity loads and heat loads). The variations of
loads are typically modeled as correlated normal distributions,

and the uncertainties of PV outputs are represented via Beta
distributions with known correlation matrices.

1) Probability Density Function (PDF) of PV Outputs: PV
outputs, characterized by their strong fluctuant and intermittent
nature, satisfy Beta distributions [22]:

f (PPV) =
Γ (α+ β)

Γ (α) Γ (β)

(
PPV

PPV,max

)α−1

·
(

1− PPV

PPV,max

)β−1

(12)
where α and β are the shape parameters of the Beta distribu-
tion; PPV and PPV,max are the actual power outputs and the
installed capacities of the PV power plants.

2) PDF of Electricity Loads and Heat Loads:

f (Pload) =
1√

2πσPload

exp

(
− (Pload − µPload

)
2

2σ2
Pload

)
(13)

f (Hload) =
1√

2πσHload

exp

(
− (Hload − µHload

)
2

2σ2
Hload

)
(14)

where µPload
and σPload

are the expected values (EVs) and
standard deviations (SDs) of the electricity loads Pload; µHload

and µHload
are the EVs and SDs of the heat loads Hload.

A constant power factor control strategy is adopted in the
PV outputs model and the electricity and heat loads model.

C. CCOPF Formulation for UEHN

The CCOPF formulation for UEHN minimizes the total
operational costs for both EPS and DHS while satisfying
steady-state operational constraints, including deterministic
constraints and chance constraints.

1) Objective Function:

min f
∑

i∈ΩCHP

CCHP,i (PCHP,i, HCHP,i) (15)

where f is the total operational costs; CCHP,i is the quadric
cost function of the CHP unit i [17], [23]:

CCHP,i (PCHP,i, HCHP,i) = µ1 + µ2PCHP,i + µ3HCHP,i+

µ4 (PCHP,i)
2

+ µ5 (HCHP,i)
2

+ µ6PCHP,iHCHP,i

(16)
where µ1–µ6 are the cost coefficients of the CHP unit i.

2) Deterministic Constraints: As shown in (1)–(11), deter-
ministic equality constraints are obtained. Equations (1) and
(2) denote AC nodal power flow balance models. Nodal heat
flow balance is expressed by (6). The hydraulic model is
adopted in (3)–(5) and the thermal model in (7)–(8). CHP
unit constraints are denoted by (9)–(11).

The deterministic inequality constraints can be expressed as
follows:

PCHP,i,min ≤ PCHP,i ≤ PCHP,i,max (17)

QCHP,i,min ≤ QCHP,i ≤ QCHP,i,max (18)

HCHP,i,min ≤ HCHP,i ≤ HCHP,i,max (19)

where PCHP,i,min and PCHP,i,max, QCHP,i,min and
QCHP,i,max, HCHP,i,min and HCHP,i,max are the upper
and lower bounds of the active electricity outputs, reactive
electricity outputs, and heat outputs of the CHP unit i
respectively.
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3) Chance Constraints: While considering uncertain
sources, the state variables (usually consist of voltage mag-
nitudes in EPS, pipe mass flow rates, supply temperatures and
return temperatures in DHS) are all random variables, it is
desired that the original constraints should be tenable at a
certain confidence level, namely chance constraints:

Pr {Vi ≤ Vi,max} ≥ pV,max,Pr {Vi ≥ Vi,min} ≥ pV,min

(20)
Pr {mi ≤ mi,max} ≥ pm,max,Pr {mi ≥ mi,min} ≥ pm,min

(21)
Pr {Ts,i ≤ Ts,i,max} ≥ pTs,max,Pr {Ts,i ≥ Ts,i,min} ≥ pTs,min

(22)
Pr {Tr,i ≤ Tr,i,max} ≥ pTr,max,Pr {Tr,i ≥ Tr,i,min} ≥ pTr,min

(23)
where Pr {·} is the probability measure of the chance con-
straint; the subscripts “max” and “min” represent the upper
and lower bounds of the corresponding variables in the for-
mulation; pV , pm, pTs , and pTr are the preset confidence levels
of the corresponding variables.

III. SOLUTION STRATEGY

A. LHSMCS Approach

The LHSMCS approach, which is a combination of
LHSMCS and Nataf transformation, is adopted to calculate the
probabilistic power and heat flows of UEHN. LHS is a type of
stratified method [24], [25], which can cover larger sampling
space of input random variables with a smaller sample sizes
compared with simple random sampling. These samplings are
rearranged to keep the correlations between the input random
variables based on the Nataf transformation. The LHSMCS
approach has the following advantages: 1) LHSMCS approach
can provide the overall information of the output random
variables; 2) LHSMCS approach can address correlations of
input random variables and is almost unconstrained by the
types of the probability distributions of the input random
variables; 3) LHSMCS approach is simple to implement with
good robustness and high precision.

The basic principles of the Nataf transformation are intro-
duced as follows:

Let CX be the correlation matrix of the n dimension
input random variable. The n dimension standard normal
distribution random variable Y = (y1, y2, . . . , yn)T with
the correlation matrix CY are introduced. According to the
equal probability principle:

yk = ψ−1
k (Fk (xk)) , ∀k ∈ Ωk (24)

where Fk is the cumulative distribution function (CDF) of xk;
ψk is the CDF of yk; Ωkis the index set of variables.

A lower triangular matrix D is obtained by the Cholesky
decomposition of the positive definite matrix CY . The n
dimension independent standard normal variable Z = (z1,
z2, . . . , zn)T is:

Z = D−1Y . (25)

The above-mentioned Nataf transformation realizes the con-
version from the input variable space X , to the correlated
standard normal space Y by (24), and then to the independent

standard normal space Z via (25). The key of the transforma-
tion is to obtain CY with given CX .This paper combines the
two-dimensional Nataf transformation with the Gauss-Hermite
integration to obtain the correlation matrix CY , which has
relatively high precision and avoids the calculation of infinite
integration; detailed information can be found in [26].

B. Distributions of State Variables

In this section, to obtain the numerical expression of the
state variable distributions, first, the various order cumulants
are calculated based on the samplings of the state variable
distributions acquired from the LHSMCS approach, then, the
numerical expression of the state variable distributions are
obtained through the Cornish-Fisher series approximation.

1) Calculation of Cumulant: Considering that the distribu-
tion types of the state variables are unknown, to the best of
the authors’ knowledge, it is hard to compute the cumulant
with conventional numerical methods.

This paper calculates the υ order origin moments χυ ac-
cording to the state variable distribution samplings Sm×N =
(s1, s2, . . . , sN ). Each order cumulant of the state variables
is obtained according to the relationship between the cumulant
κυ and the origin moment χυ in [27].

χυ =
1

N

N∑
i=1

sυi , υ = 1, 2, . . . (26)
κ1 = χ1

κυ+1 = χυ+1 −
υ∑
j=1

Cjυχjκυ−j+1
(27)

where Cjυ represents the combination number.
2) Cornish-Fisher Expansion: Currently, the Gram-Charlier

series and Cornish-Fisher series are commonly employed to fit
the distributions based on cumulants, but it has been identified
in [21], [28] that the Cornish-Fisher series performs better than
the Gram-Charlier series when non-Gaussian distributions,
such as Beta distributions, are considered. Therefore’ in this
paper, up to the 5th order Cornish-Fisher series are employed
to approximate the quantile function R of the state variables:

R(ω) = ξ(ω) +
ξ2(ω)− 1

6
g3 +

ξ3(ω)− 3ξ(ω)

24
g4−

2ξ3(ω)− 5ξ(ω)

36
g2

3 +
ξ4(ω)− 6ξ2(ω) + 3

120
g5−

ξ4(ω)− 5ξ2(ω)

24
g2g3 +

12ξ4(ω)− 53ξ2(ω)

324
g3

3 + · · ·
(28)

where R(ω) is the quantile of the state variable at ω; ξ(ω) rep-
resents the inverse function of the standard normal distribution;
gυ is the standardized υ order cumulant, gυ = κυ/

√
κυ2 .

C. Heuristic Algorithm

To solve the CCOPF, this paper converts all the chance
constraints into equivalent deterministic constraints and adopts
a heuristic algorithm presented in [21], [29]. The chance
constraints in (20)–(23) can be expressed in a unified form
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as follows: {
Pr {xi ≤ xi,max} ≥ pxi,max

Pr {xi ≥ xi,min} ≥ pxi,min

. (29)

Let Fxi be the CDF of the state variable xi, equation (29)
can be transformed to be:{

Fxi (xi,max) ≥ pxi,max

Fxi (xi,min) ≤ 1− pxi,min

. (30)

As presented in Section III-B, the Cornish-Fisher series can
provide an approximation of the quantile function of xi based
on the cumulant. Because the quantile function Rxi is actually
the inverse function of Fxi which is monotone increasing, so
the chance constraints in (32) can be equivalently converted
to the following form:{

Rxi (pxi,max) ≤ xi,max

Rxi (1− pxi,min) ≥ xi,min

. (31)

The chance constraints are verified by comparing the quan-
tile and constraint bounds of the state variables. When a vio-
lation occurs, we adjust the constraint bound by the following
heuristic algorithm.

If Rxi(pxi,max) > xi,max, we adjust the upper bound of the
state variablexi:

x̂i,max = x̂i,max max

{
1− Rxi(pxi,max)− x̂i,max

x̂i,max
, 1− δ

}
.

(32)
If Rxi (1− pxi,min) < xi,min, we adjust the lower bound of
the state variablexi:

x̂i,min = x̂i,min min

{
1 +

x̂i,min −Rxi (1− pxi,min)

x̂i,min
, 1 + δ

}
(33)

where x̂i,max and x̂i,min represent the upper and lower bounds
of the state variables during the calculation; the initial values
are xi,max and xi,min; the adjustment coefficient δ is applied
to prevent an unreasonable adjustment resulting from a severe
constraint violation, δ can be set to be 5% to 20% in [21].

D. Flowchart of Solution Strategy

The computational procedure of the solution strategy can
be concluded in Fig. 2 and the main steps are as follows:

Step 1: Input data. Namely, network topology information,
the CDF and correlation matrix of the random variables,
adjustment coefficient and confidence level, etc.

Step 2: Deterministic optimization. Based on the primal-
dual decomposed interior point method, an optimal scheduling
strategy that corresponds to the deterministic case is obtained
with the EVs of the input random variables.

Step 3: Probabilistic energy flow analysis considering cor-
relations. Under the optimal scheduling strategy in Step 2, the
LHSMCS approach is employed to perform a probabilistic
power and heat flow analysis.

Step 4: Distribution calculation. The Cornish-Fisher series
is employed to approximate the quantile of the state variables
based on the cumulant, accordingly, the constraint violation
probability can be obtained.

Step 5: Chance constraint verification. Compare the con-
straint violation probabilities with the allowed confidence
level. If all the state variables satisfy the chance constraints,
stop the iteration and the final optimal scheduling strategy is
obtained, which includes the total operational cost, the outputs
of the CHP units and the distributions of the state variables
etc.

If a violation exists, adjust the corresponding upper and
lower bounds of the chance constraint according to a heuristic
algorithm and return to Step 2. This process repetitively runs
until no violation of the constraints occur.

No

Input

Verify chance constraints

Output

Yes

No

Reach maximum iteration

Update bounds

Yes

Solve deterministic optimizati on with

EVs by interi or point method

Analyze the probabilistic energy

flow via LHSMCS method 

Calculate distribution through

Cornish-Fisher series approximation

Fig. 2. Flow chart of CCOPF.

IV. CASE STUDIES

A. Test System Description

An UEHN was analyzed to illustrate the performance of
the proposed chance-constrained framework. The topology of
the UEHN is shown in Fig. 3. The UEHN consists of the
following three parts: 1) A modified IEEE 33-bus system with
PV power [30], [31]; 2) A 32-node DHS at Barry Island [6],
[7]; 3) CHP units. The interdependence between EPS and DHS
is presented in Table I.

TABLE I
INTERDEPENDENCE BETWEEN EPS AND DHS

CHP Unit Number Type EPS Bus DHS Node
CHP1 Back-pressure 1 31
CHP2 Extraction-condensing 18 1
CHP3 Back-pressure 33 32

The UEHN has a total active electricity load of 3.7150 MW,
a total reactive electricity load of 2.30 MV and a total heat
load of 2.164 MW. The SDs of the electricity and heat loads
are equal to 10% of their EVs. Four PV power plants with
the same installed capacity of 0.5 MW are assumed to be
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Fig. 3. An UEHN comprised of a modified IEEE 33-bus system and a 32-node DHS at Barry Island.

connected to bus 16, 17, 31, and 32 of the IEEE 33-bus
system. The PV outputs satisfy the Beta distribution with shape
parameters α and β both set to 12 in this paper.

Three types of correlations are considered, i.e. the correla-
tions of the electricity-electricity loads and heat-heat loads are
both set to 0.7; the correlations of the electricity-heat is set to
0.5; the correlations matrix of the PV outputs of the four PV
power plants is given in the following [30], [32]:

CPV =


1 0.5 0.4 0.4

0.5 1 0.4 0.4
0.4 0.4 1 0.5
0.4 0.4 0.5 1

 . (34)

The operational cost coefficients µ1–µ6 are presented in
Table II. Moreover, the upper and lower bounds of the voltage
magnitudes are set to 1.05 and 0.95. The maximum mass flow
rate in DHS is 5 kg/s. The upper and lower bounds of the
supply temperature are 60◦C and 56◦C while those of the
return temperature are 20◦C and 16◦C. The confidence level
of the chance constraints are all set to 95%.

TABLE II
COST COEFFICIENT

Cost Coefficient Value Cost Coefficient Value
µ1 2650 µ4 0.0345
µ2 14.5 µ5 0.03
µ3 4.2 µ6 0.031

B. The Performance of the Solution Strategy

The simulation is performed on a 64-bit PC with 3.2 GHz
CPU and 4.0 GB RAM in a MATLAB environment. The
required computation time is 56 s. The CCOPF solution
strategy converges in 6 iterations, and the objective is $8,000.8.

Table III demonstrates the total operational cost of the
UEHN and the number of variables that violate the chance
constraints during each of the iterations. As shown in Ta-
ble III, due to the influence of uncertain sources, the total

operational cost is slightly larger than that of the deterministic
optimization with all random variables set at their EVs (i.e.
the operational cost after 1st iteration).

TABLE III
ITERATION INFORMATION DURING CCOPF SOLUTION

Iteration Total Cost ($)
Number of
Constraint Violation
EPS DHS

1 7999.9 7 3
2 8000.2 5 2
3 8000.5 2 1
4 8000.7 1 1
5 8000.8 0 1
6 8000.8 0 0

C. Correlation

Significant correlations exist between the adjacent PV power
plants. There are correlations between the electricity and
heat loads in the same region. To study the impact of these
correlations on system operations, the following three typical
scenarios are implemented:

1) Scenario 1: Take into account all three types of correla-
tions, as illustrated in Section IV-A.

2) Scenario 2: Consider the correlations between the loads,
that is, the correlations of the electricity-electricity loads, the
heat-heat loads and the electricity-heat loads.

3) Scenario 3: Irrespective of the correlation.
In Figs. 4(a)–(c), the probability distributions of the voltage

magnitude at bus 31 in the EPS, the pipe mass flow rate within
pipeline 12 and the supply temperature at node 6 in the DHS
under different scenarios are compared.

As shown in Fig. 4(a), considering correlations of uncertain
sources intensifies the volatility of the state variables in the
EPS. With more variables considered correlated, the state vari-
ables in the EPS possess stronger volatility. This is attributed
to the fact that the correlations of uncertain sources, especially
the PV outputs, have made it much more likely to suffer peaks
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Fig. 4. Probability density curves under 3 scenarios. (a) Voltage magnitude
at bus 31. (b) Pipe mass flow rate within pipeline 12. (c) Supply temperature
at node 6.

and valleys at the same time, leading to a larger volatility. In
comparison, a decreased volatility of the state variables in the
DHS can be observed from Figs. 4(b) and 4(c) when correlated
uncertain sources are considered (scenarios 1 and 2).

Figs. 4(a)–4(c) indicate that consideration of the correlations
between uncertainty sources greatly impacts the constraint
violation probabilities of state variables in both the EPS and
DHS. In this regard, the necessity of inclusion of correlated
uncertain sources in the proposed CCOPF is demonstrated.

D. Confidence Level

CCOPF requires that the chance constraints of all state
variables both in EPS and DHS are satisfied at a certain con-
fidence level, and operational performance varies in different
confidence levels. We discuss the impact of confidence levels

under the following three scenarios:
1) Scenario 1: Confidence level is set to 95%.
2) Scenario 2: Confidence level is set to 85%.
3) Scenario 3: Deterministic optimization irrespective of

chance constraints.
In Figs. 5(a)–(b), the probability distributions of the voltage

magnitude at bus 31 in EPS and the pipe mass flow rate within
pipeline 13 in the DHS under different scenarios are compared.
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Fig. 5. Probability density curves under 3 scenarios. (a) Voltage magnitude
at bus 31. (b) Pipe mass flow rate within pipeline 13.

As seen from the results, in the case of the deterministic
optimization (Scenario 3), the EVs of the state variables
are very close to upper and lower bounds. For example, in
Fig. 5(a), the likelihood that the voltage magnitude at bus 31
exceeds its upper limit is up to 40% under scenario 3. Under
these circumstances, a sudden load or PV output deviation
will lead part or all of the variables to break their bounds.
When the confidence level is set to 85% (Scenario 2), the
insecurity risk is decreased. When you increase the confidence
level to 95% (Scenario 1), the insecurity risk is further
reduced. This is because the higher the confidence level, the
narrower the fluctuation ranges of the state variables in the
optimization. Meanwhile, the total operational costs increase
with the improvement in the confidence level. The overall
operational costs from Scenario 1 to Scenario 3 are ranging
from $8,000.8, $8,000.3 to $7,999.9. When the confidence
level increases, larger amounts of power should be generated in
reaction to a sudden load or PV power deviation. This results
in a higher operational cost.

As verified in Figs. 5(a)–(b), the CCOPF could significantly
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reduce insecurity risk, and the higher the confident level is, the
lower the risk of insecurity and the higher the operational costs
of the UEHN will be.

V. CONCLUSION

We propose a CCOPF formulation for UEHN in this paper.
A solution strategy that combines the LHSMCS approach
and a heuristic algorithm is specially designed. The proposed
framework can deal with not only the uncertainties with
non-Gaussian distributions (i.e., PV outputs), but also the
correlations between them. Case studies verify the satisfying
convergence of the framework and demonstrate the necessity
of inclusion of correlated uncertain sources in the proposed
CCOPF. Meanwhile, the impacts of different confidence levels
of CCOPF on the system operations are also investigated.
Finally, we need to clarify that the obtained CCOPF solution
may not be globally optimal, which requires further investiga-
tion in the future.
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